We explore the rich and unique magnetic quantization of Si-doped graphene defect systems with various concentrations and configurations using the generalized tight-binding model. This model takes into account simultaneously the non-uniform bond lengths, site energies and hopping integrals, and a uniform perpendicular magnetic field (B zẑ ). The magnetic quantized Landau levels (LLs) are classified into four different kinds based on the probability distributions and oscillation modes. The main characteristics of LLs are clearly reflected in the magneto-optical selection rules which cover the dominating ∆ n = |n v − n c | = 0, the coexistent ∆ n = 0 & ∆ n = 1, and the specific ∆ n = 1. These rules for inter-LLs excitations come from the non-equivalence or equivalence of the A i and B i sublattices in a supercell.
I. INTRODUCTION
Magnetic quantization is one of the mainstream topics in the physical science, such as the rich magneto-electronic properties [1] [2] [3] , magneto-optical selection rules, [4] [5] [6] and quantum
Hall effects in few-layer graphene systems. [7] [8] [9] Diverse physical phenomena could be achieved by changing the atomic components, 10 the lattice symmetries, 11, 12 the lattice geometries such as planar, buckling, rippled, and folding structures, 13- the uniform or non-uniform magnetic field. 2, 25 In this Letter, we aim to investigate the interesting quantization phenomena of monolayer graphene under the effect of Si-doped defect.
Monolayer graphene presents the unusual essential properties, mainly owing to the hexagonal symmetry and the single-atom thickness. The isotropic Dirac-cone structures, initiated from the K and K valleys (corners of the first Brillouin zone), are magnetically quantized into the unique LLs, with the specific energy spectrum proportional to the square root of the magnetic-field strength and quantum number of valence and conduction LLs, √ B z n c,v . This simple relation has been verified by the scanning tunneling spectroscopy (STS), 32 optical spectroscopies, 26 and transport equipment. 7 The magneto-optical absorption peaks are identified to satisfy a specific selection rule ∆ n = |n v − n c | = 1, directly reflecting the equivalence of A and B sublattices. Such rule determines the available scattering processes, leading to the unconventional half-integer Hall conductivity of σ xy = (m + 1/2)4e 2 /h, 7 in which m is an integer and the factor of 4 represents the spin-and sublattice-dependent degeneracy. This unusual magnetic quantization is attributed to the quantum anomaly of n c,v = 0 LLs associated with the Dirac point.
The fundamental properties are efficiently modified by creating a defect effect such as substituted impurities or guest atoms in a hexagonal carbon lattice. Various guest-atomdoped graphene systems are expected to present the unusual physical phenomena and possess potential applications. Up to now, carbon host atoms are successfully substituted by the guest atoms of Si, 27 B, 28 and N 28,29 through the chemical vapor deposition (CVD) or arc discharge methods. Fig. 1(a) 
A. Tight-binding Hamiltonian
In Si-doped graphene, the unit cell is expanded as (n a 1 , n a 2 ), where a 1 and a 2 are the lattice constants of pristine graphene and n is the cell multiplicity of the supercell. The concentration of the Si guest atoms in graphene is defined as 1:2n 2 , as illustrated in 
Here, The presence of a uniform magnetic field (B zẑ ) significantly change the physical features of the systems. The dimension of the magnetic Hamiltonian matrix is determined by the guest-atom-and vector-potential-dependent periods, in which the latter is much longer than the former, and their ratio is assumed to be an integer for convenience in calculations.
The vector potential is chosen as B z xŷ and this creates a position-related Peierls phase of
A(r) · dr in the nearest-neighbor hopping integral. 39 The intrinsic atomic interaction becomes γ C−C ∆G mm and γ Si−C ∆G mm . Due to the periodicity of the Peierls phase, the primitive unit cell is extended in thex direction to be a long rectangular, as After the exact diagonalization of the giant magnetic Hamiltonian, the LL wave function, with quantum number n c,v , could be expressed as
In this notation, ψ i,α is the 2p z -or 3p z -orbital tight-binding function localized at the
Specifically, all the amplitudes in an enlarged unit cell could be regarded as the spatial distributions of the sub-envelope functions on the distinct sublattices; they therefore dominate the main features of the LL wave functions.
B. Absorption Function and Gradient Approximation
When the Si-doped graphene exists in an electromagnetic wave, the occupied valence states are vertically excited to the unoccupied conduction ones. In addition to ∆k = 0, the electric-dipole perturbations require the inter-LL excitations to satisfy a new magnetooptical selection rule of ∆ n = 0. Such interesting behavior has never revealed in other layered condensed-matter systems. According to the linear Kubo formula, the intensity of magneto-optical excitations is characterized by
The square of velocity matrix element ( Ψ c (n c , k) k) ) determines the available excitation channels and the spectral strength, since it is associated with the spatial distribution symmetries of the initial and final LLs. The second term in the integral function is the delta-function-like joint density of states arising from the inter-LL transitions
, in which the broadening factor is Γ = 1 meV.Ê, P and m e are, respectively, unit vector of electric polarization, momentum operator and bare electron mass. Because the direction of the planar electric field hardly affects optical absorption spectra,Ê x is chosen in the current work.
The velocity matrix element is evaluated from
The critical dipole factor is evaluated from the gradient approximation, as successfully utilized in carbon-related sp 2 -bonding systems. 40 That is,
Equation (6) 
III. RESULTS AND DISCUSSION
A. Electronic structure
The Si-doped graphene exhibits the unusual low-energy electronic properties. For the type I (the red curves in Fig. 3(a) ), the valence and conduction bands, nearest to the Fermi level (E F ), have the parabolic energy dispersions separated by a direct energy gap of E g = 0.74 eV. The electronic energy spectrum is anisotropic along the different k-directions, and it is asymmetric about E F . Similar results are also revealed in the type III of lower-concentration system with a 0.26 eV band gap (the blue curves in Fig. 3(a) ).
Energy gap appears only if the guest atoms are situated at either the A i or B i sublattices.
The non-uniform site energies and hopping integrals further induce the partial termination of the π bonding (the minor localized states), as observed in the zero-field and magnetic wave functions (Figs. 4(a) , 4(b); 4(d)). On the other side, E g vanishes for the type II distribution configuration (the solid curve in Fig. 2(b) ). The guest-atom distribution with equal weight induces the distorted π and thus the strongly modified Dirac cone structure with an obvious shift of Dirac point, the reduced Fermi velocity, and the anisotropic energy spectrum. Apparently, graphene exhibits a well-behaved Dirac cone (the dashed curve) because of the purely hexagonal symmetry. (Fig. 1(c) ). Any (k x , k y ) LL states in the reduced first Brillouin are doubly degenerate except for the spin degree of freedom. Apparently, the decoration of Si guest atoms leads to the destruction of the planar inversion symmetry and thus the non-degenerate 1/6 and 2/6 LL states. According to the neighboring chemical environment, the original 16 sublattices could be classified into four subgroups of (A 1 , A 6 ) configuration in Fig.   1(a) ), only the significant sublattices exhibit the similar oscillation modes for the low-lying valence and conduction LLs (the first kind in Figs. 4(a)-4(b) ). However, the enhanced equivalence (green balls in Fig. 1(a) ) and the reduced concentration ( Fig. 1(b) ) can create the composite behaviors related to the heavily non-equivalent A i & B i sublattices and the fully equivalent ones (e.g., pristine graphene). The former, with two Si atoms in A 6 and B 4 sublattices, has the highly equivalent environment. All the sublattices make significant contributions to the LL wave functions, in which the difference of zero point number is ± 1 for A i and B i sublattices (the second kind in Fig. 4(c) ). Specifically, their spatial distributions are highly asymmetric and localization centers seriously deviate from 1/6 & 2/6, directly reflecting the seriously titled Dirac-cone ( Fig. 3(b) ). Also, a seriously distorted distribution consists of the main n c,v mode and the side n c,v ± 1 ones. The localization centers are recovered to the normal positions under the decrease of concentration with the Si-A i distribution (2:64 in Fig. 1(b) ). The certain B i sublattices, which are farthest from the Si atom and possess n c ± 1 modes, become observable for the conduction LLs, and so do for the A i sublattices in valence LLs (the third kind in Fig. 4(d) ). Moreover, the wave functions in other B i sublattices presents the highly asymmetric distributions for the Si-dominated LLs. Finally, a pristine graphene displays the well-behaved LLs about the localization centers and the difference of ± 1 in the zero-point number due to the equivalent A and B sublattices (the fourth kind in Fig. 4(e) ).
The On the other side, the second and fourth kinds of LLs shows the √ B z -dependent energy spectra except for the constant energy of the degenerate n c,v = 0 LLs. Apparently, the latter has the largest energy spacing among four kinds of LLs because of the lowest density of states.
C. The magneto-optical selection rules
The main features of LLs are directly reflected in magneto-optical absorption spectra with a lot of delta-function-like peaks, as demonstrated in Fig. 6 . For the Si-A 1 -doped graphene with 2:16 concentration (Fig. 6(a) corresponding LLs, being similar to those of graphene, are magnetically quantized from the low-lying titled Dirac cone. However, with the increasing energy, the enlarged derivation of localization center and the enhanced distortion of spatial probability (Fig. 4(c) ) create and enhance the available channels of ∆ n = 0 through the strengthened side mode. Such characteristics lead to the strong competition between these two kinds of magneto-selection rules.
On the other hand, the coexistent selection rules present another kind of behavior for the Si-A i -doped graphene with the reduced concentration ( Fig. 6(c) ). The ∆ n = 0 channels dominate the lower-frequency absorption spectrum, since the significant sublattices possess the same oscillation modes (Fig. 4(d) ). Their peak intensities slowly grow with the increasing frequency, clearly indicating the significant competition or cooperation between two categories of inter-sublattice transitions. B i → A i and A i → B i (except for the furthest ones) appear under the n v → n c inter-LL transition, in which the second category is absent for a sufficiently high concentration in Fig. 6(a) . Especially, the quick enlargement of the ∆ n = 1 absorption peaks is due to the enhanced oscillations in the A i sublattices of valence LLs & the furthest B i sublattices of conduction LLs, and the strengthened side modes in other B i sublattices. On the other hand, it is well known that graphene only presents the ∆ n = 1 absorption peaks with a uniform optical spectrum ( Fig. 6(d) ) as a result of the full equivalence of A and B sublattices. Among all the Si-doped graphene systems, the pristine one has the strongest intensity and the largest energy spacings. These are closely related to the smallest density of states of the isotropic Dirac cone, as indicated from a detailed comparison with the separated parabolic bands and the titled Dirac cone (Fig. 3) .
The diverse magneto-electronic properties and absorption spectra could be verified by STS and optical spectroscopies, respectively. STS is a very efficient method for examining the quantized energy spectra. 34 Magnetic quantization phenomena of layered systems could also be identified by magneto-optical spectroscopies.
26,35-38
The examined phenomena are exclusive in graphene-related systems, such as 0D LLs in few-layer graphenes and 1D Landau subbands in bulk graphites. 26, 35, 36 A lot of prominent delta-function-like absorption peaks are clearly shown by the inter-LL excitations due to massless and massive Dirac fermions in monolayer 26 and AB-stacked bilayer graphenes.
35
The former and the latter absorption frequencies are square-root and linearly proportional to B z , respectively. As to the inter-Landau-subband excitations in Bernal graphite, one could observe a strong dependence on the wave vector k z , which characterizes both kinds of Dirac quasi-particles. 37, 38 In short, the experimental examinations on four kinds of LLs and the distinct magneto-optical selection rules could provide the full information about the diversified essential properties, establish the emergent binary or ternary graphene compounds, and confirm the developed theoretical framework.
IV. CONCLUDING REMARKS
The Si-doped graphene systems, the emergent 2D binary compound materials, are The interesting features of LLs correspond to various concentrations and distribution configurations; they are, the Si-A i -doped graphene with an enough high concentration, the (A i , B i )-decorated graphene, the low-concentration A i -doped system, and the pristine one.
In this work, the generalized theoretical framework takes into account simultaneously all the critical factors of non-uniform bond lengths, site energies and hopping integrals, and external field effects without the perturbation forms. This method is expected to be very useful in fully understanding the essential properties of the main-stream layered systems.
